We generalize the notion of bi-Koszul algebra (Ref. [4] ) and introduce the notion of generalized bi-Koszul algebra in this paper. In particular, we give a criteria for a graded algebra A to be generalized bi-Koszul in terms of its Yoneda-Ext algebra E(A).
Introduction
Inspired by classification problem of Artin-Schelter regular algebras of global dimension four (Ref. [3] ), Si and Lu introduced the notion of bi-Koszul algebra (Ref. [4] ). In this paper, we will generalize such algebras further and define the so-called generalized bi-Koszul algebra.
We begin with some notations. Throughout the paper, k is a field, and A is a graded algebra satisfying: (1) A = A 0 ⊕ A 1 ⊕ A 2 ⊕ · · · ; (2) A 0 = k × k × · · · × k, a finite product of k; (3) A i A j = A i+j , for all 0 i, j < ∞; (4) A 1 is of finite dimension as a k-space. Let Gr(A) denote the category of graded left A-module, and gr(A) its full subcategory of finitely generated A-module. The morphisms in these categories, denoted by Hom Gr(A) (M, N ), are graded A-module maps of degree zero. We denote Gr 0 (A) and gr 0 (A) the full subcategories of Gr(A) and gr(A) whose objects are generated in degree 0, respectively. Let M ∈ Gr(A), we denote the n th shif t of M by M [n]
where 
which usually are called the Yoneda-Ext algebra of the graded algebra A and the Koszul dual of the module M ∈ Gr(A), respectively. Note that under the Yoneda product, E(M ) is a graded E(A)-module and E(A) is a graded algebra with E 0 (A) = A 0 . In order to define the notion of generalized bi-Koszul objects, first we introduce a resolution map ∆ :
where d 2, p 2 are two fixed integers, and N × N is a Z-module with natural operations. It is clear that the resolution map has a period of p; that is, for all n 0, ∆(n + p) = ∆(n) + ∆(p).
For the convenience, we use ∆(n) to denote both the image (x, y) and the set {x, y}. For instance,
Definition 1.1. Let A be a graded k-algebra and M = i≥0 M i ∈ gr(A). We call M a generalized bi-Koszul module provided that M admits a minimal graded projective resolution
such that each Q n is generated in degrees ∆(n) for all n ≥ 0. In particular, the graded algebra A will be called a generalized bi-Koszul algebra if the trivial left A-module A 0 is a generalized bi-Koszul module. Example 1.2. Koszul algebras (see [5] ) are generalized bi-Koszul algebras with p = d = 2. d-Koszul algebras (see [1] , [2] ) are generalized bi-Koszul algebras with p = 2. Bi-Koszul algebras (see [4] ) are generalized bi-Koszul algebras with p = 3. Now we recall some known results, which will be used later.
Lemma 1.3. ([4])
Let A be a graded algebra and M ∈ gr(A). Let
be a minimal graded projective resolution of M . Then Q n is generated in degrees
) Let A be a graded algebra and
Suppose that A is a generalized bi-Koszul algebra, we denote
respectively. Then E(A) is decomposed into pure and non-pure parts as
. We end this section with the following observation. Proposition 1.6. Retain the above notations. Assume p ≥ 3 and d > 2. Then
Proof.
(1) Note that ∆(pn) = ∆(pn − p) + ∆(p) and ∆(pn + 1) = ∆(pn) + ∆(1) for all n > 0. By Lemma 1.4, we know that for all n > 0, we have
In addition, it is clear that we only need prove that E ps+1 (A)E pt+1 (A) = 0, where s, t 0. In fact,
and similarly,
(p−1)(s+t)d+id,(p−1)(s+t)d+id+1 (A), and d > 2, thus we have E ps+1 (A)E pt+i (A) = 0. Similarly, E pt+i (A)E ps+1 (A) = 0. We are done.
Main results
In this section, we always assume that p ≥ 3. The main aim of this section is to give a criteria for a graded algebra to be generalized bi-Koszul algebra.
Lemma 2.1. Let A be a generalized bi-Koszul algebra and M ∈ Gr 0 (A) a generalized bi-Koszul module. Then for n ≥ 0, there exist A 0 -module isomorphisms
where 2 ≤ i ≤ p − 1.
Apply the functor Ext * A (−, A 0 ), we can obtain a long exact sequence
Now Compare the second degree of all terms in the long exact sequence above, we obtain the following exact sequences:
Thus, by Lemma 1.5, we can obtain the exact sequences
where n ≥ 0, 2 ≤ i ≤ p − 1. Note that the second exact sequence is split, and both E np+i (A) and E np+i (M ) are supported in ∆(np + i), so we have
where n ≥ 0 and 2 ≤ i ≤ p − 1.
Theorem 2.2. Let A be a graded algebra. Then the following statements are equivalent:
(1) A is a generalized bi-Koszul algebra; (2) E(A) begins with
Proof. Suppose that we have (2), it is easy to see that P 1 is ∆(1)-generated, P 2 is ∆(2)-generated, · · · , P i (3 ≤ i ≤ p − 1) is ∆(i)-generated. For all n ≥ 1, P np and P np+1 are generated in degrees ∆(np) and ∆(np + 1) from the conditions (a) and (b), respectively. On the other hand, by condition (c) and Lemma 2.1, we have
and Ω np (A 0 ) is n(p−1)dgenerated, so E np+i (A) is supported in {n(p−1)d+(i−1)d, n(p−1)d+(i−1)d+1}; that is, P np+i is ∆(np+i)-generated. This proves that A is a generalized bi-Koszul algebra. Conversely, by Lemma 1.3 and Proposition 1.6, it suffices to show that the last isomorphism is true for each n ≥ 1. Since E np+i (A) = E 
